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Lax pairs for the equations describing compatible 
nonlocal Poisson brackets of hydrodynamic type, 
and integrable reductions of the Lame equations]^ 



O. I. Mokhov 



^ ■ 1 Introduction. Basic definitions 



' In the present work, the nonlinear equations for the general nonsingular pairs of compatible 

I nonlocal Poisson brackets of hydrodynamic type are derived and the integrability of these 

equations by the method of inverse scattering problem is proved. For these equations, the 
Lax pairs with a spectral parameter are presented. Moreover, we demonstrate the integra- 
' bility of the equations for some especially important partial classes of compatible nonlocal 

Poisson brackets of hydrodynamic type, in particular, for the most important case when one 
of the compatible Poisson brackets is local and also for the case when one of the compatible 
Poisson brackets is generated by a metric of constant Riemannian curvature. The case when 
^ ' one of the compatible Poisson brackets of hydrodynamic type is local and nondegenerate was 

I studied in detail in our previous paper ^ , where the corresponding equations were derived 

CO ' and the integrability of these equations was announced. This case is very important, since, 

I as was shown in [Q] , any solution of these equations generates an integrable bi-Hamiltonian 

hierarchy of hydrodynamic type by explicit formulae. Moreover, these equations describe 
I an important class of integrable reductions of the classical Lame equations. Accordingly, in 

' the case when one of the compatible Poisson brackets is generated by a metric of constant 

Riemannian curvature, the corresponding equations describe integrable reductions of the 
equations for orthogonal curvilinear coordinate systems in spaces of constant curvature. 



1.1 Local Poisson brackets of hydrodynamic type 



An arbitrary local homogeneous first-order Poisson bracket, that is, a Poisson bracket of the 
' form 

where u^,...,u^ are local coordinates on a certain given smooth A^-dimensional manifold 
M, is called a local Poisson bracket of hydrodynamic type or a Dubrovin-Novikov bracket 
[Ij. Here u'^{x), I < i < N, are functions (fields) of single independent variable x, the 

^This work was supported by the Alexander von Humboldt Foundation (Germany), the Russian Foun- 
dation for Basic Research (grant No. 99-01-00010) and the INTAS (grant No. 99-1782). 
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coefficients g^^ (u) and b)^ [u) of bracket ( p^ ) are smooth functions of local coordinates, I[u] 
and J[u] are arbitrary functionals on the space of fields 1 < i < A''. A local bracket 

( pTl| ) is called nondegenerate if det{g^^ (u)) ^ 0. 



Theorem 1.1 (Dubrovin, Novikov ||^) If dct{g^^ (u)) ^ 0, then bracket (1.1) is a Pois- 
son bracket, that is, it is skew- symmetric and satisfies the Jacobi identity, if and only if 

(1) g"^^ (u) is an arbitrary fiat pseudo-Riemannian contravariant metric ( a metric of zero 
Riemannian curvature), 

(2) b^^{u) = — (7**(M)r^^(u), where r^^('u) is the Riemannian connection generated by the 
contravariant metric g^^ (u) (the Levi-Civita connection). 

Consequently, for any local nondegenerate Poisson bracket of hydrodynamic type, there 
always exist local coordinates v^, ...,v^ (flat coordinates of the metric g^^{u)) in which all 
the coefficients of the bracket are constant: 

g^^v) = ry'J = const, f)^{v) = 0, b]^ {v) = 0, 

that is, the bracket has the form 

where is a nondegenerate symmetric constant matrix: 

= jfo ^ const, det (77*-' ) ^ 0. 

1.2 Nonlocal Poisson brackets of hydrodynamic type 

Nonlocal Poisson brackets of hydrodynamic type (the Mokhov-Ferapontov brackets) were 
introduced and studied in the work of the present author and Ferapontov ||^. They have 
the following form: 



where K is an arbitrary constant. A bracket of form (|L3|) is called nondegenerate if 
det(5'n")) ^ 0. 

Theorem 1.2 ([§) // det(5^^ (u)) ^ 0, then bracket ^) is a Poisson bracket, that is, it 
is skew- symmetric and satisfies the Jacobi identity, if and only if 

(1) g^^ (it) is an arbitrary pseudo-Riemannian contravariant metric of constant Rieman- 
nian curvature K, 
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(2) b]^ (u) = —g^'^{u)T-'^i^(u), where r^/;(u) is the Riemannian connection generated by the 
contravariant metric g^-' (u) (the Levi-Civita connection). 

In |4j Ferapontov introduced and studied more general nonlocal Poisson brackets of 
hydrodynamic type (the Ferapontov brackets) , namely, the Poisson brackets of the form 

e^iw-^Uuixyul {w-)l{u{x))ul\ j^^dx, det[g^' {u)) ^ 0, (1.4) 



a = l 

where = ±1, a = 1, L 



Theorem 1.3 ([Q]) Bracket (1-4) is a Poisson bracket, that is, it is skew- symmetric and 
satisfies the Jacobi identity, if and only if 

(1) b^^{u) = — g^^ {u)T-'^^{u) , where r^j,(u) is the Riemannian connection generated by the 
contravariant metric g^-' {u) (the Levi-Civita connection), 

(2) the metric g^-'{u) and the set of the affinors {w°')j{u) satisfies relations 

gM{w^)'^{u) = g,k{u){w^)Hu), a = l, ...,L, (1.5) 
Vfc(z«")}(u)-V,(«;")Uw), « = 1,...,L, (1.6) 

- {{w"yi{u){w"}i{u) - {wy,{u){w"y{u)) . (1.7) 

a=l 

In addition, the family of the affinors w'^{u) is commutative: [w^jW^] = 0. 

Let us write out all the relations on the coefficients of the nonlocal Poisson bracket ( ]1.4D 
in a convenient form for further repeated use. 



Lemma 1.1 Bracket (1-4) is a Poisson bracket if and only if its coefficients satisfy the 
relations 





(1.8) 




(1.9) 


g'^bi'^ = cf%\ 


(1.10) 


{w'^y^^g^^iw'^y, 


(1.11) 


,{w^y = {w^yiw'-y, 


(1.12) 
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- (u;")^ = g''g"" ^^ry - g'Vj'iw^yi, (1.13) 



9m ^ 



+ 6f - v^hf = ^ {{wm^'^t - {^'^yA^'^fs) ■ (1-14) 



1.3 Compatible Poisson brackets 

In Magri proposed a bi-Hamiltonian approach to the integration of nonhnear systems. 
This approach demonstrated that integrabihty is closely related to the bi-Hamiltonian prop- 
erty, that is, the property of a system to have two compatible Hamiltonian representations. 

Definition 1.1 (Magri j^) Two Poisson brackets { • , • }i and { • , • }2 are called compat- 
ible if an arbitrary linear combination of these Poisson brackets 

{•, -l-Ail-, -li + Aal-, •}2, (1.15) 

where Ai and A2 are arbitrary constants, is also a Poisson bracket. In this case, we shall 
also say that the brackets { • , • }i and { • , • }2 form a pencil of Poisson brackets. 

As was shown by Magri in |^ , compatible Poisson brackets generate integrable hierarchies 
of systems of differential equations. In particular, for a system, the bi-Hamiltonian property 
generates recurrent relations for the conservation laws of this system. 



1.4 Compatible pseudo-Riemannian metrics 

Two pseudo-Riemannian contravariant metrics g"-^ (m) and 172"' (") called compatible if 
for any linear combination of these metrics g^-' (u) — XiQi (u) + X2g2iu), where Ai and 
A2 are arbitrary constants for which det(5'^ (M)) ^ 0, the coefficients of the corresponding 
Levi-Civita connections and the components of the corresponding tensors of Riemannian 
curvature are related by the same linear formula: r^-'(M) = Air^-'^,(M) -I- A2r2^j.(M) and 

^kii"^) ~ Ai-^i'fci('") ~^ ^2^2 kii''^) (i^ ^^^^ case, we shall say also that the metrics g^ {u) and 
52"' (m) form a pencil of metrics) 0. Flat pencils of metrics, that is nothing but com- 
patible nondegenerate local Poisson brackets of hydrodynamic type (compatible Dubrovin- 
Novikov brackets j^] ) , were introduced in Q . Two pseudo-Riemannian contravariant metrics 
g^i (m) and §2 i"^) of constant Riemannian curvature Ki and K2 respectively are called com- 
patible if any linear combination of these metrics g^^ (m) Aig^"* (m) -I- A252"' {'^)^ where Ai and 
A2 are arbitrary constants for which det(g*-'(M)) ^ 0, is a metric of constant Riemannian 
curvature XiKi -\- X2K2 and the coefficients of the corresponding Levi-Civita connections 
are related by the same linear formula: P^ (u) — Air^-'j,(u) -f A2r2''fc(M) (|], 0. In this case, 

we shall also say that the metrics (u) and g2 (u) form a pencil of metrics of constant Rie- 
mannian curvature j7|. It is obvious that all these definitions are mutually consistent, so 
that if compatible metrics are metrics of constant Riemannian curvature, then they form a 
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pencil of metrics of constant Riemannian curvature, and if compatible metrics are flat, then 
they form a flat pencil of metrics. A pair of pseudo- Riemannian metrics g{'(u) and 52"'(m) is 
called nonsingular if the eigenvalues of this pair of metrics, that is, the roots of the equation 
det((/^-'(u) — Xg^ (u)) = 0, are distinct (a pencil of metrics which is formed by a nonsingular 
pair of metrics is also called nonsingular) . In , it is proved that an arbitrary nonsingular 
pair of metrics is compatible if and only if there exist local coordinates u = {u^, 
such that both the metrics are diagonal in these coordinates and have the following special 
form (one can consider that one of the metrics, here g^iu)^ is an arbitrary diagonal met- 
ric): g2{u) = g^{u)5'^^ and gi{u) = f''{u^)g^{u)5^^ , where i = 1, ■■■,N, are functions 
of single variable (generally speaking, complex). It is obvious that the eigenvalues of the 
considered pair of metrics are given by the functions /*(?i^), i = 1, N. 



2 Compatible metrics and compatible 
Poisson brackets of hydrodynamic type 

Consider two arbitrary nonlocal Poisson brackets of hydrodynamic type 

|]e,,<,«)U"W)4(^) ' W)iWi)K^ ji^Ji (2.1) 



and 



X;^2..(^2")U"(^))«^ (^) ' «)i(u(a:))< j ^^^dx. (2.2) 



In [|6[ it was proved that if the Poisson brackets (2.1) and (2.2) are compatible, then the 
metrics g^ (u) and g2 {u) of the brackets are also compatible. Moreover, it was also proved 
in that if 1) the pair of metrics g\^ (u) and ff2"'(w) is nonsingular, 2) both the metrics 
g{'{u), g2 (u) and the aflinors (w" )](«), (u'2)j('u) can be samultaneously diagonalized in 
a domain of local coordinates, then the Poisson brackets are compatible if and only if the 
metrics are compatible. Here we prove in some sense the converse theorem, which is very 
important for our method of integrating the equations for the general nonsingular pairs of 
arbitrary compatible nonlocal Poisson brackets of hydrodynamic type. 

Theorem 2.1 // the pair of metrics g{'{u) and g2 (u) is nonsingular, then the Poisson 
brackets {I, J}i and {I, J}2 are compatible if and only if the metrics are compatible and 
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both the metrics g\^{u), g^^iu) and the afftnors (u'f)*(u), (u'2)j(u) can be samultaneously 
diagonalized in a domain of local coordinates. 

Proof. It is sufBcient to prove here that if the pair of metrics is nonsingular and the Pois- 
son brackets are compatible, then both the metrics gi{u)^ 92 i"^) ^'^'^ ^^'^ affinors (w), 
(iWj can be samultaneously diagonalized in a domain of local coordinates. All the rest 
was proved in ||^ . First of all, it was proved that in this case the metrics g^ (u) and g2 (u) are 
compatible. Recall that if the pair of metrics is nonsingular, then the metrics are compatible 
if and only if there exist local coordinates such that the metrics are diagonal and have the 
following special form in these coordinates: gl^u) = g'^{u)5'^^ and gWu) = f^{u^)g'^{u)5'^\ 
where f^iu^), 1 < i < N, are functions of single variable The functions f^iu^) are the 
eigenvalues of the pair of metrics g^-^ (u) and g2 (u) so that they are distinct by assumption 
of the theorem even in the case if they are constants. It follows from the co mpati bility of 
the Poisson brackets {/, J}i and {/, J}2 (it is necessary to consider relation ( 1.11 ) for the 
pencil {/, J}i + A{/, J}^) that 



5r("^2)i = 5r«): 



Besides, from relation (1.11) for the Poisson brackets {/, J}i and {/, J}2 we have 



So from (2.3) and (|2.6D in our special local coordinates we get 



Thus 



that is, 



g\w^)l^g^{w^)), 
f\u^)g\w^)\^f^{u^)g^{wq)). 

gJ f^{u^)(f 

fHu 



Consequently, since all the functions f^iu^) are distinct, wc get 

(OHO fori^j. 



Similarly, from (2.4) and ( p.5| ) we have 

{w1)i =0 for i ^ j. 



(2.3) 
(2.4) 

(2.5) 
(2.6) 



(2.7) 
(2.8) 

(2.9) 
(2.10) 

(2.11) 
(2.12) 



Thus theorem 2.1 is proved. 
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3 Equations for nonsingular pairs of compatible 
nonlocal Poisson brackets of hydrodynamic type 

Consider an ar bitr ary n onsin gular pair of compatible nonlocal Poisson brackets of hydro- 
dynamic type (2J) and (2^), that is, we assume that the Poisson brackets are compatible 
and the pair of metrics {u) and g2 (^) is nonsingular. 

Theorem 3.1 General nonsingular pairs oj compatible nonlocal Poisson brackets oj hydro- 
dynamic type are described by the following consistent integrable nonlinear systems: 



dHl 



2,i 



^T^j, i^k, j ^ k, 



+ 



+ > ^ e2,c.Hl,Hl^ =0, i^j 



(3.1) 
(3.2) 
(3.3) 



where f^{u^)^ i = I, . 



, N, are arbitrary given functions of one variable. 



(3.4) 
(3.5) 



According to theorem |2.l| there exist local coordinates such that in these coordinates we 
have 

gl\u) = g\u)6^^, g"^ {u) = f\u^)g\u)P\ (3.6) 

{wq)]{u)^{wqr{u)6], {w^)]{u)^{w",y{u)5]. (3.7) 

Moreover, according to the same theorem any pair of Poisson brackets of this form 
is compatible. Thus it is sufficient to consider the conditions that the brackets {/, J}i 
and {/, J}2 of this special form are Poisson brackets. If the metric g^-'{u) and the affinors 
(w")* (u) of bracket ( |1.4| ) are diagonal, then the conditions (1 



1. 



-(1.14) take an especially 



simple form. Consider the conditions for the bracket {/, J}2 in the special local coordinates. 
Introduce the standard classical notation 



1 dHk 



N 

E 

i=l 



Hi{u) du^ ' 



i ^ k, 



(3.8) 
(3.9) 
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where Hi{u) are the Lame coefficients and (3ik{u) are the rotation coefficients, e\ = ±1, 
i = 1, ...,N. Although, in our case, all the functions are, generally speaking, complex, we 
shall use formulae, which are convenient for using also in the purely real case. 

In the considered "diagonal" case, the conditions that {/, J}2 is a Poisson bracket are 
equivalent to the Gauss-Codazzi equations for submanifolds with flat normal bundle and 
holonomic net of curvature lines (see Q). Following introduce the functions 

H2i{u), l<i<N,l<a<L2, such that 



Then the conditions (1.8)-( 1.14 ) for the bracket {/, J}2 take the form (see |9[) 



PikPkj: i^j, i^k, j ^ k, 



du3 



(3.10) 

(3.11) 
(3.12) 
(3.13) 



For the metric (u) — f^{u^)g'^{u)d'^^ , the Lame coefficients and the rotation coefficients 
have the form 



,1 1 



(iik{u) 



^ 1 dHk ^ 
1 dHk 



±1, 



(3.14) 



(3ik{u), i ^ k. 



Besides, introduce the functions H"^{u), I < i < N, 1 < a < Li, such that 



(3.15) 



H,(u) 



(3.16) 



Accordingly, equations (B.12) are automatically satisfied also for the rotation coefficients 
Pikju) , eq uations ( 3.11 ) become equations (3.5), and equations ( 3.13 ) for Pik{u) give equa- 
tions dj). 



Note that it is easy to show that equations ( |3.3| ), (3.4) for nonsingular pairs of metrics 
(that is, all the functions /*(w*) must be distinct also in the case if they are constants) 
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are equivalent to the following equations (in particular, it is more convenient to use these 
equations for checking the consistency of system (BJ)-(3.5)): 



du'- 



1 P^j 



1 

L 



(3, 



13=1 



(3.17) 



Lax pair for the general nonsingular pair 
of compatible nonlocal Poisson brackets 
of hydrodynamic type 



The Lax pair with a spectral parameter for the system ( |3.l| )"(3.5) can be derived from 
the linear problem for the system (3.1)~(3.3) describing all submanifolds with flat normal 
bundle and holonomic net of curvature lines. The equations ( |3.l| )-(3.3) are the conditions 
of consistency for the following linear system: 



k^i V^2 



a=l 



(4.1) 
(4.2) 
(4.3) 



The condition that the bracket {/, J}i + A{/, J}2 is a Poisson bracket for any A is 
equivalent to the system (3.1)-(^^) corresponding to the metric (A + f^{u^))g^{u)S^^ and 
the affinors (wf)^-(u), 1 < /3 < Li, and VX{w^)]{u), 1 < a < L2. In this case, the linear 
problem (4.1)~(4.3) becomes the Lax pair with the spectral parameter A for the general 
nonsingular pair of arbitrary compatible nonlocal Poisson brackets of hydrodynamic type: 



5^, _ y/eliX + p) 



(4.4) 



k^ 



■ VW+P) 



Pkifk 
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L2 



/3=1 



Ve2(A + /^) 



(4.5) 



(4.6) 



(4.7) 



The Lax pair with the spectral parameter proves the integrability the system (3.1)-(3.5) 
for the general nonsingular pair of compatible nonlocal Poisson brackets of hydrodynamic 
type. 

If i?i",;(u) = < i < N, I < a < Li, and H!^.^{u) = 0, 1 < i < TV, 1 < a < L2, 



then the system (3.1)-(3.5) describe all compatible local Poisson brackets of hydrodynamic 
type (compatible Dubrovin-Novikov brackets or flat pencils of metrics). This system was 
derived and integrated by the method of inverse scattering problem in [ pT| , | [T^ with using 
the Zakharov method of differential reductions The Lax pair for this system was 

demonstrated by Ferapontov in (here \, 1 < i < N): 



'(A + f) 
(A + P) 



(A + /^) 



(4.8) 



(4.9) 



where A is a spectral parameter. The corresponding linear problem for the Lame equations, 
that is, equations ( 3.12 ), ( 3.13 ) with iJ|'j(u) — 0, was well known Darboux yet jl^], see also, 
for example, |1^: 

^'^'-A.^j, i^j, (4.10) 



-^PkiVk- 

k^i 



(4.11) 



The condition of consistency for the linear system ( [4.1C| ), (4.11) defines the Lame equations. 
The Lax pair (4.8), ( [4.9D can be easily derived from the classical linear problem (4.1C), 
([l.tip for the Lame equations (see 0, fll]). 



The Lax pair (4.S), (4.9) is generalized also to the case of arbitrary nonsingular pencils 
of metrics of constant Riemannian curvature (see examples in p^). This Lax pair can be 
also easily derived from the corresponding linear problem for the system describing all the 
orthogonal curvilinear coordinate systems in iV-diniensional spaces of constant curvature 
K2: 



(4.12) 
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The condition of consistensy for the Hnear system (4.12)-(4.14) gives the equations for all 
orthogonal curvilinear coordinate systems in A^-dimensional spaces of constant Riemannian 
curvature K2. 

The corresponding Lax pair with a spectral parameter for nonsingular pencils of metrics 
of constant Riemannian curvature has the form (see p?), ||l^) : 



XK2 + K, ^ 



where A is a spectral parameter. The condition of consistency for the linear system (4.15) 



(4.17) is equivalent to the equations for nonsingular pencils of metrics of constant Rieman- 



nian curvature. 



If H2i{u) = 0, l<i<iV, l<a<Li, then the corresponding integrable systems (3.1) 



(3.5) describe compatible pairs of Poisson brackets of hydrodynamic type one of which is 
local. These systems always give integrable reductions of the classical Lame equations. The 
corresponding Lax pairs with a spectral parameter have the form: 



l^-^^^A.^., ^^k, (4.18) 
Hf^^ip,. (4.20) 



du^ VeUX + py 

Similarly, we can construct the Lax pair with a spectral parameter for any special partial 
case of the equations for compatible nonlocal Poisson brackets of hydrodynamic type, for 
example, we get integrable reductions of the equations for orthogonal curvilinear coordinate 
systems in spaces of constant Riemannian curvature K (in this case -ff^j(u) — ^/KH2.i{u), 

L2 = l, Q = l). 



11 



References 



Mokhov O.I. Compatible nonlocal Poisson brackets of hydrodynamic type, and inte- 



grable hierarchies related to them. E-print. arXiv: [nath.DG/0201242 



Dubrovin B.A., Novikov S.P. The Hamiltonian formalism of onc-dimcnsional systems 
of hydrodynamic type and the Bogolyubov-Whitham averaging method. Soviet Math. 
Dokl. 1983. Vol. 27. P. 665-669. 

[3] Mokhov O.I., Ferapontov E.V. Nonlocal Hamiltonian operators of hydrodynamic type 
related to metrics of constant curvature. Russian Math. Surveys. 1990. Vol. 45. No. 3. 
P. 218-219. 

Ferapontov E.V. Differential geometry of nonlocal Hamiltonian operators of hydrody- 
namic type. Functional Anal. Appl. 1991. Vol. 25. No. 3. P. 195-204. 

[5] Magri F. A simple model of the integrable Hamiltonian equation. J. Math. Phys. 1978. 
Vol. 19. No. 5. P. 1156-1162. 

[6] Mokhov O.I. Compatible and almost compatible pseudo-Riemannian metrics. Func- 



tional Anal. Appl. 2001. Vol. 35. No. 2; E-print. arXiv: |math.DG/0005051 



[7] Mokhov O.I. Compatible and almost compatible metrics. Russian Math. Surveys. 2000. 
Vol. 55. No. 4. P. 217-218. 

Dubrovin B. Geometry of 2D topological field theories. Lect. Notes Math. 1996. Vol. 



1620. P. 120-348; hep-th/9407018 



[9] Ferapontov E.V. Surfaces with flat normal bundle: an explicit construction. E-print. 
arXiv: |math.DG/9805012| . 



[10] Eisenhart. Transformations of surfaces. Chelsea Publishing Company. New York. 1962. 
[11] Mokhov O.I. On integrability of the equations for nonsingular pairs of compatible flat 



metrics. E-print. arXiv: math.DG/0005081 



[12] Mokhov O.I. Flat pencils of metrics and integrable reductions of the Lame equations. 
Russian Math. Surveys. 2001. Vol. 56. No. 2. 

[13] Zakharov V.E. Description of the n-orthogonal curvilinear coordinate systems and 
Hamiltonian integrable systems of hydrodynamic type, I: Integration of the Lame equa- 
tions. Duke Math. J. 1998. Vol. 94. No. 1. P. 103-139. 

[14] Ferapontov E.V. Compatible Poisson brackets of hydrodynamic type. E-print. arXiv: 



math.DG/0005221 



12 



[15] Darboux G. Legons sur les systemes orthogonaux et les coordonnees curvilignes. 2nd 
ed. Gauthicr-Villars. Paris. 1910. 



[16] Krichever I.M. Algebraic-geometric n-orthogonal curvilinear coordinate systems and 
solutions of the associativity equations. Functional Anal. Appl. 1997. Vol. 31. No. 1. P. 
25-39. 

[17] Mokhov O.I. Compatible metrics of constant Riemannian curvature: local geometry, 



nonlinear equations and integrability. E-print. arXiv: math.DG/020128C 



[18] Mokhov O.I. Lax pair for nonsingular pencils of metrics of constant Riemannian cur- 
vature. Russian Math. Surveys. 2002. Vol. 57. No. 2. 



Centre for Nonlinear Studies, 

L.D. Landau Institute for Theoretical Physics, 

Russian Academy of Sciences 

e-mail: mokhov@mi.ras.ru; mokhov@landau.ac.ru 



13 



